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Background



Whatis Type Theory?
4 the study of type theories

Whatis a type theory?
↳ terms

4types
↳ Away of assigning types to terms.



Simply-Typed Lambola Calculus.

Terms:

↳ Var =[x,y, z, ... 3 countable

↳ If M is a term and o is a then
functions rams!
& proy 1 x =0. M) is a term.

↳ If M and N are terms, then so is MN

Types:
↳ B =[a,U, ... 3 countable

↳ If0,Iare types, then so is 0->I

&R Typ:B1 (Typ -> Typ)



Examples of types:
2,,a+,x + ,(

-)=6 -8

Examples of terms:

X, Xx:x.X, xy:B.y-
9 -> 4 - -

Typing Terms:
i

-context=finite set of declarations sumptions
X,:5,, X2:02, ..., Xn:On Patios
Var Typ

"Given context ↑, whatterms can we type?"



~M:0 means contextT types M as a

Typing Rules

1) - X:0 er
↑ 1X:0

2) Itis

3) -I
TtN:o

~Wir MN:E



Example xx:0.xy:t.y:-t -> I without

assumptions.

Derivation:

-y
===(X: 0,y:[}

(x: 0,y:[31-y: [

3x: 03 1y:t.Y:T -> [

0 1xx: 0.xy:t.y:0-t->I



Example (xx=0+0.x)(xy:0.y):0-0 who assumptions.

(x:0->031- X:0-0 sy:03 1y:0

%1- xx:0-0.x:(0+0)-10->0) 0xy:0.y:0=0

% r(xx =0+0.x)(xy:0.y): 0=0



Proof Theory
↳ branch of mathematical logic

↳>studies the art of sound deductions
,l

proofs

new

knowledge -> deductions ->
knowledge

I
I

"judgements" inference rules"



Minimal Propositional Logic

↳ judgements look like "proposition o is true"

↳ Prop=Var//Prop -> Proph

Ex. X, x+X, x -1y -xx), 4 -4.

Whatare the rules?



↳ rules:letProp be a setof assumptions

- pt
B P

- i

2) I
p- 4

) -> introl;

p -> 4 is true o is true
3) ↓is true 1-elim)



- :

hypotheticalI
p- 4

) -> introl;

Examples ofDeduction (Natural Deduction)

- 0

- -0

#x) -introl. -x 1 -> introl,
y
-x

x -(y --x)
-> introl.



Deductions wo Undischarged Assumptions &

-

xty

Z

x
x=

I
y -z

y-z=1

y

x -z
1-introl,

(x -xy)-(x -z)
1-> introl

o

"assume X,
11

prove X

"assume y-z, prove,
x -y) -(x-z)



Curry - Howard Correspondence

Simply-Typed Lambda Calculus 5-> Minimal Propositional Logic

↳ proposition - as - types
x -xy
-xlooks like 2-B -d

↳ deduction - as terms

???



Dedx-y-x Derivation of

& I- AU:x. AV.B.4:x+B +x

3-:x

Iintrol intoe I [U:d3rxr:. U:B -a

orxU.G.XV..U:x- -

↳ types correspond to propositions

↳during derivation, term grows to capture
derivation



One more example...
x -(x+y)-yc a -(x+B)-

term: Mu:a. Av:x-. Un

-

EndEviattvixt
\U:x, viat31- ru:-

derivation: qu:xtevia.Un-
-

Xu:x. Ar:at. VU:a -(a-)=

- 8

xv:x+x-y
+31- ru: y

1-> introl.

Etevate.Inye1-introl,

x-(x-y)-y



PANIC SLIDE

-

Swix-y-Vix-y 94:x3tUiX
-

\4ix,vixty31nV:y

Weare



The correspondence. Formally

17 per => x:0cP
↓ :

⑧

a plt introl. =>asIte

3)#447-ein) -AN:o

~WirMN:E



More Type Theories

Simply - Typed x-Calc Min. Prop. Logic

Polymorphic Types Second-Order Prop. Logic

DependentTypes First-Order Logic

:



Application:Proof Assistants

Mathematical Statement--
Term:Type

Mathematical Proofan
Proof Assistant

checks type



Frank Pfenning’s lecture notes: cs.cmu.edu/~fp/
courses/atp/handouts/ch2-natded.pdf

Herman Geuvers’ lecture notes: cs.ru.nl/
~herman/onderwijs/provingwithCA/paper-lncs.pdf

Reference



Thanks for

Listening!


