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MAT 402: Monday November 23rd 2020

Learning Objectives:
» Show the invariance of cross-ratios under RM&b

P Use the Mobius distance to calculate lengths in the complex plane.
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Cross-Ratios

The cross-ratio of four points z1, 22, z3,24 € C is:

Z3— 2721 Z4 — 21 73— 21 24 — 2
<Z]_7227Z37Z4> - - = °
Z3 — 2o 24 — 22 Z3 — 2o Zy — 271

Cross-ratios are invariant under f € RMéb.

f € RMéb = (f(z1), f(z), f(z3), f(z1)) = (21, 22, 23, za)
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Fractional Linear Transformations

(Z)_az+b_§(cz+d—d)+b_3 —ad + bc
cz+d cz+d c c(cz+d)

This is a composition of maps of the form: f,(z) = Kz, fy =z+ K, and fi(z) =1/z.

Show that cross-ratios are invariant under maps of the form fy(z).

KZ3 — KZl ) KZ4 — K21
KZ3 — KZ2 . KZ4 — K22
z3 — 271 . Zy — 21

<f>< (Zl)> fx (22)7 fi (23)7 fx (24)> =

Z3 — 22 ’ Zy — 22
= (21,22,23,24)
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Fractional Linear Transformations

Show that cross-ratios are invariant under maps of the form fi (z).

<f_|_(21), f+(z2)7 f+(23), f+(24)>

(zz+K)—(z+K) (za+K)—(z+K)
(zz+K)—(2+K) (z2+K)—(22+K)

z3—21 24— 21

73— 20 zZy — 2o
<21722,Z3,Z4>
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Fractional Linear Transformations

Show that cross-ratios are invariant under maps of the form fi(z).

(e ilz) ). Ala)) = 22 AR
 Vzm—1/z (zznz\ 1/z—-1/z1 (21202
 1/zz—1/2 <212223) 1)z —1/z <212224>
2120 — 2073 2120 — 2pZ4

Z1Z0 — 7123 Z1Z0 — Z1Za
Z2(Zl — 23) . 22(21 — 24) . Z]1 — Z3 . Z1 — 24

21(z—2z3) z2(ze—2) zn—z3 zm—2zy
= <Z]_,Z2,Z3,Z4>




The Mobius Distance

Cross-ratios are invariant under f € RMob.

f € RMob = (f(Zl), f(Z2), f(Z3), f(Z4)> = <Zl,22, Z3,Z4>

Definition
The Mobius distance between two points X, Y € C, is:

H(A7 B) = | |n(|<A7 B, X, Y>’)‘

where X and Y are the intersection points of the geodesic joining AB with the
absolute A.
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The Mobius Distance

Find the hyperbolic distance between A =i and B = 2i.

w(A,B) = [In([(A, B, X, Y)|)| = [In(|{i,2i,00,0)])|

i—oo i—0
2i—o00 2i—0

Lemma

In general we have: u(i, Ki) = |In(K)|. Thus, distances are exponentially distorted.
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The Mobius Distance

Find the hyperbolic distance between A = e™/3 = w and B = e27/3 = ;2.

We have:

uA, B) = \'n(IABXY>!)\=!'n(\<waw2717—1>})!2
w — w+1 w—1)(w 1
) - (e )

(=55
( = (52

wd+w—w? —1‘)
= [In(1/3)[ =|=1In(3)] = In(3)

=

In

Wwtw?-—w-1
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