MAT B41: Week 2 Fall 2022

Week 2: Review of Linear Algebra

In your handwritten notes, you should write  for x. Zan

P

We have two notations for the standard basis of R3.

X [ :| =ze; +ye; + zes £ xi+yj+ zk

Context: The {i, j, k} notation is preferred by physicists and engineers.

N QR

_/Add the vectors vi =i+j— 2k and vo = [1,2,3]7. = 1+ ZJ* Sk

& Scale the vector vz = 2v; + 3vy by two and write the result using the basis {i, j, k}.

ViV, T (i*j-l\gﬁ—k(i—klé—&%\()
= (VA (4D (m2 )k
= 3Dtk

- ‘1(1+3~2L\<>~+(0@+2j+%) e bethn
| - fine

= (’—\—k(g)"]%'(L(--\—\;(BJ’\—("5*/@/(

= ioﬁr\(aj* 10 |-

\/\'ﬁ\m()edl)\()t - Quakernion s
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MAT B41: Week 2 Fall 2022

Suppose that v is a non-zero vector. A line ¢ through point a pointing in direction v can be written

Lt)=a+tv

In three-dimensional space we can write a = (21,91, 21) and v = (a, b, ¢) in components and obtain:

= 2y +at O\/lv
y = y1+bt %
Z2 = z+ct 5

Find the equation of the line through the points (1,1,2) and (1,2, 3).
Write your answer in point-direction format.

We ’\‘D\L\C n = ("\ ) V. e DL C

M \/:‘(\,2\35'("]‘1):(0!'/l)
Thas gwes LieN= artV = (1,1,2)+ lc(o,l,\)

T

We could Plele a=(12,3)
V:(li\iﬂ“(l.’z.ﬂ:(o,-—l
This 5wes
Ly = (\23>*t(®~l—l>

BOTR oF T\ese BEFINE
THE SAME LINE

©) Parker Glynn-Adey 2022 p. 8 Version: 1.0



MAT B41: Week 2 Fall 2022

Consider the following lines ¢;(¢t) = (1,2,3) + ¢(1,0,0) and ¢3(s) = (—5,—2,1) + s(1,0,2) in R3,
Determine whether the lines ¢; and /¢, intersect.

Lires ave givewn \OJ e enn sy skeans,

NoHw “ Bt y values
\

onwe onstamk ol

UM e '\/qu r\/\&/v/Q ']LT?’Lf <

e Lines putl\ NoT

Wb Sect

Foc wnked = TE all equations of 1, nwvolve &
OV\Q)\ OM ML\A,C@'H\OM of Lz (avolve S
o gk QOVMS(pomW' CDWP@V\OA/LH
%U\(‘Al w@l Solve tle Limear SJS%(/V\.
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MAT B41: Week 2 Fall 2022

A parametric equation for the line £ through P = (z1,v1,21) and Q = (22, y2, 22) is:

{a: = x4+ (z2— 1)t

y = yi+ -yt
2= 21+(22—21)t

Notice: This is the Point-Direction Form with v =Q — P = (22 — 1, Y2 — Y1, 22 — 21)-

Consider the line passing through (1,2,2) and (2,2, 3).
Write the line as a parametic equation and as 4(t) = a + tv.

(\Dov\fcx\/wU\’rVL Fovin Toint ~Diechon Folun
2=1+ 2"\t~ |+¢k (V= oox eV

LS;7\+(;2'&>5£ = 9, )+ (o
%:Q\*L%"g\\b :a+b ( ! > ( '>
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MAT B41: Week 2

Fall 2022

Let a = a1i + a2j + ask and b = b1i + byj + bzk. The inner product (or dot product) of a and b is:

n
a-b=a1b + asby + azb; = &Tb — Z\qkbk HZ
The length (or magnitude) of a is: =t

lall = va-a=1/a} +a}+af —

Suppose that a box has dimensions (¢, w, h)& (R3

N ¢} V\q,r\“/v\L
A / What is the radius of the smallest sphere that could contain it? dLV iit‘ o
e What is the radius of the largest sphere that it contains? '

) \"\!‘ A} . "X ‘\:.::1‘\ i:_]v'\L ~—’—’—/
o (0100) _
Lonagst anslamic
\\V&S\C‘u ‘\/\’W
(¢ (j‘ﬂ/“j Ul A

Y," A \ ‘ (
- X ) X ) Y\ 5w

. 4 ¢ »‘ 8 »;\ . i A
= owe Wl fue mInTmuinn

Breal Yo Resune ¢x 1310
W\_\V\&?\\\\%\ - \
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! Fall 2022

The equation of a plane P through xo = (¢, Yo, 20) that has normal vector n = Ai + Bj + Ck is:

Az —20) + By —40) + Clz —20) =n- (x =%0) =0 = Ne X = in*¥,

Remark: We can re-arrange this equation to get: Az + By + Cz = n-x = D for some constant D.

. 5 g f/-‘_(v_—‘\‘ . . . A .
If ais a@zero vector then n = a/||a|| is a vector of unit length in the same direction as a.
We call n a unit vector because it has unit length. u i \\ = A \

Give all unit vectors n perpendicular to the pla:

Tone onve only TWO unit pofmmals
WW{MW&\W o o~ a{\/m %o\w\/q,.

A~ ’L\"’* 2\

I

syt el

n=

_ ﬁ*’q* gAS

~
ﬁ’f x1

1%7,1*1\(- _ +—,»+’zp

@ 2

| Cop=s HL a2 2

we also W = .61/4 =) &lﬁ
S N S S
T ai-3z)T 3k
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MAT B41: Week 2 Fall 2022

If a and b are two non-zero vectors in R” and 0 < 6 < 7 is the angle between a and b then

& ; jeco
= [|la[| ||b[| cos @ This wovks (w (28

Remark: This is very cool because it works in any dimension. INUN ovgin Vdei canno
N\ o % o F\

Find the angle between the following sets of vectors.

e a=(1,1) and b= (1,0).
ea=(1,1,1,1)and b=(1,3,—7,-1).

: j a= ()
Lk o= (1) a2k b=(10), \l A
WwWae W\ 0\0\0 B '.,\ - luO: \ b = (\‘c)

[\ b1 cos& =

S SNV
ﬂ\/\g %\\/KS | = B‘COS@‘ NPT

o= (1) b= (V%
INEa ,:W‘- O\°\O = \”\ '* \"1’1 * \("‘1'1)* i‘(—)) o O
‘MS/ 9;\[\\ Lbl] o5& & cose-=0 & = Tzr

, e R e T S
QO\@" ",; perpe zuwﬂw O/\/Wj@“%/(/)

/\/\’\ /\—’
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MAT B41: Week 2 Fall 2022

Suppose a and b are two non-zero vectors and 0 < § < 7 is the angle between them.

a-b=|al ||b”0089=0(:>0039=0(=>9=g

In this case, we say that a and b are orthogonal. By convention, 0 is orthogonal to everything.

Check that the vectors vy (#) = (cos6)i+ (sin6)j and vo(0) = —(sin )i + (cos 0)j are orthogonal for
all values of #. Sketch them in the plane.

ooty i MWX to robe
W@\ = [lv (e)]] =1

| Tov V@)

| | vl - Jioton sinte = (1 7 1.
We clhacle co,ﬂ/{’\/\oaov\ob\(&jz
NN T (wsei - SEVL@J (-/swb/ ) cos@j )

C = 0 D
- - g(vl@ (COSE X NG cosSe— = O \(/_/

Thad Yoy ovr@ a(u\)wji ortheogohay
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MAT B41: Week 2 Fall 2022

The orthogonal projection of v on to a is: e

a- ;
p:projavz——a :a V‘ .
J (V]
Pa

v
The interpretation of p is as follows: Consider extending a to a line £ through the origin.

The projection of v on to a is the vector on ¢ forming a right triangle with hypotenuse v.

Suppose that a is non-zero. What is proj, a?
Let A # 0, what is proj, Aa?

‘ro‘(L:&QUCAak:L@ﬂL:i ~ A
Q) Ja o O [Lall? \

21 ]
/\ o o |

& - i i
e \,\.L\Lk CL O 1 e <A\

(L{ ¥ ’ /\il\ \('" ‘,/C ‘»\(‘L‘[ME\"\({«‘ 4

| e | A y
6}4,030\%0\’ O\(OL> o = ?\(“ M)()\/;//\&
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MAT B41: Week 2 Fall 2022

Consider the point P = (1,2,3) and the plane (1,1,1) - (z,y, 2) = 0.

Find the distance from P to the plane by projecting P on to the normal of the plane.

To yweasuve o Mstance Yo \
o s || ey el

preyn %
= \ (\\2\53 )
K(O (\ L \> 0 = (o010

_ (\ WY (L2 ’53 ( > e w fle distames 1S

> ( L) HWOJMOP“ = ;ll((l.l]\)”

\ XA =
—Yg (\\\\\> D\(Ml‘) - & )‘-LAHZ*"L
2, &\(g
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MAT B41: Week 2 Fall 2022

The identity matrix I = I,, is n X n matrifsuch that: AT = IA = A. For 3 x 3 matrices it is:

-ofi

An n x n matrix A is invertible if there is another n x n matrix A~! such that:

CRICED BiE=t
Dl O
=i e)

A=A ]

The determinant of a 2 x 2 matrix is:

a b
det [c d} —ad—b%

In general, for an n x n matrix A:

det A = 1) det(Ay) e ok
B PRt nel

| k(e &\\
T e L DR & S R RIG o

Compute the determinant of the following matrix.

|

o (153)- 190 G055y D)
cqas -0+ 1 (3) = 15-24 =~

: . ; ; ; Ay
where A;; is the matrix A without row ¢ and column j. ! )

A~ O
o w o
Ul O N
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A\
)
/ &
N
\
N
N

1.‘\* )det([vl ... Vy]) = the signed volume of the parallelpiped spanned by {vy,...,v,}.
& 3 S ol S

2. det(A) # 0 <= A is invertible. Y= A‘\W\lﬂi\/\ 510 V\‘%‘
= ool e 4 7
3. det(AB) = det(A) det(B) Qm\\\‘\(’ M \M\Q i 6’50& /’ s

4, det(I) =1
LR Aen »
Note: Property (1) will become more-and-more imporant as the course goes on. FE

It is central to the material in Week 11 when we study the change-of-variable formula.

Suppose that A is a 2 x 2 matrix [a b] with columns a and b.
The absolute value of det(A) is the area of the parallelogram whose adjacent sides are a and b. -

|

Find the area of the triangle with vertices i + j, 21 + _] an&—l— 25\ using determinants.
Use geometry to check your work. \

G e it fo @“i)”‘ e
(Zw* ) Q\*ﬂ
("\-kl)) b"'j) 3

Ay e bt

3o (i ) (6 9) 7 Ve

o ones 8o =
5:*\‘3%\“ WO WO WRGY AW \W‘)W )

=Yzl =L
'0\8 \<ou3 \ K\\W) vt .
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MAT B41: Week 2 Fall 2022

If a = (a1,az,a3) and b = (by, by, b3) then: \ 9y V\\C\Yé\ Whe BX/ NGRS A0 -
b I as a Q150 a; a
axb=det a7 ay az| =idet [b2 b‘ﬂ — jdet [bl b3} + k det { . 2]
bl b2 b3 2 3 1 3 bl b2

Compute the cross product of (1,0,1) x (0, 1,0).

| vy«
(\\0\61(0\\.0\ = dex | ()) \

:O \' O
o O | o [ K |\ © - Q”j_ D l)
= | O 3 0 0 A O | )

. | i

Com o X
<At PRIV AN A
/,»\\\ A (f\ (M ,J\ (‘(_/\/\1 /(,u & VYAAAA
UNA NN i /

)

/»W @/\\ML C\rogs G’,\Yo(>\,u(((
X | Y3 O{,\/\/\ooyyv&b

\1) \S% '\V\\Q,AN\/S'
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MAT B41: Week 2 Fall 2022

Suppose that a is non-zero. What is a x a? Let A # 0, what is a x (\a)?

MO | on R & | = D 0340k
N AN - \ 1+ & ~ y F ‘
W 00\\\ O\LO\%% o )
v \C
O\X(AOQS 01\ (;\7, O\’b

AN Nag Aat
R
= 7\ A 0y (’\\} a %O-O
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MAT B41: Week 2 Fall 2022

e The length of a x b is the area of the parallelogram spanned by a and b.

e |lax bl = [a] ||b]|sind
% e a X b is orthogonal to both a and b.

Suppose that a plane through the origin contains the vectors v = (1,2, 3) and v, = (2,1,0).
Find@normal to the plane, and write it in the form n - x = 0.

e Ak 0 normal K0 R ot

N TNV
N W

-1 >L”5 :Q,gi—vb |*3>
v\ Y

we forw oo UMY ot
Q"B\(?\-O))

\/ =

- — = et
AR W \f"’S—L?

() l{é L..\\l\‘\)

~ LV

| e \S
/\\\/\\/\5\ YWY Q\

v ) e (1\‘3\/{’\ -0
=\
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MAT B41: Week 2 Fall 2022

Given three vectors a, b, c € R? we have: S
S
ai b1 C1
ae(bxc)=det |ag by cy| =det(abc)
as b3 C3

. . g g’
We @‘(O\JQ' e b”L\M&\\W \f)voy CC)\/V\\?V\LR\AQ A5 ot RV
\_\XS 9

X ( \> [ oo ‘0% >

L X (Q? Cyr (295 T\ (o) (" )
IPROETNEEAR N Sy

- 00 Ca O\'f\.“?z
+ 0\3\0\Q1§w

MO 19 ‘
T Ay G G | vy by \\9\ 2 +Q by by
M \o: %3 \0/5} O\\\Q (o, — 4y Cy Cs 5 CiCy
CoCp G e,

= o Umty = C2") 7 Ay (s~ €19%) *MQ
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