MAT B41: Week 3 : Fall/2022

Week 3: Geometry, Limits, and Derivatives

If f: R — R then the graph of y = f(z) is: graph f = {(z,vy) : vy = f(z)} CR x R = R2

In general, the graph of f: R® — R is: 4 e (W
| i g T4 VAN .

graph f = {(x, #ni1) : Duyr = fx)} CR? xR =Rt ”/‘ [ 3 o0 mere.
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MAT B41: Week 3

Fall 2022

% Activity: What do you notice?

The picture below shows Horsethief Canyon outside of Drumhéller Alberta.
e Is anyone in the class from Alberta?
e Has anyone in fhe class visited Horsethief Canyon?
o What do you notice about this picture?

This activity was inspired a conversation with Mike Pawliuk (UTM).

o Linvals of different kinds of rocies.
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MAT B41: Week 3 Fall' 2022

If f:R™ — R then the level set of value c: all e r)o( ‘nts © !
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If n = 2 then this set is a level curve (or level contour). If n = 3 then this set is a level surface.

Sketch the level sets L. for ¢ = —1,0, 1,4 of the function f(z,y) = 22 + y>.
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MAT B41: Week 3 Fall' 2022

Sketch the level sets L. for ¢ = —2, 2 of the following function.
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MAT B41: Week 3 Fall 2022

U e béiéPloL&D%o sketch the surface f(z,y) = (22 + 3y2) exp(1 — 22 — 9?).
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MAT B41: Week 3 Fall 2022

% Activity: Use a 3D Graphing Calculator

Use CalcPlot3D to visualize some stuff. It is a very powerful tool.

e Plot graphs.
e Plot contours.

For inspiration, check out these famous surfaces.

(M&T p. 82-83)

_2\

Saddle(z =22 —y

Hyperboloid 72+ 9% — 22 =c¢
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MAT B41: Week 3 Fall 2022

Y or |
\ TO\¢ The following material is a bit more proof-y than the
e :/V\ORM\\‘A\ rest of the course. We are including it to give you a

glimpse in to MAT B43 and C27.

An open ball centered at p of radius € > 0 is the set:

i o ¢
\\De@):{xemnx—pn«} a0

We say that U C R™ is an open set when: for all p € U there is € > 0 such that: D.(p) C U. 4%

Alternatively, we say that U is a neighbourhood of p. " Aw opo Sth (owkainy A gpan
bal\ awound ehcn of (Fs points.”

We should check that an “open ball” is an “open set”.

The Big Idea: Check that there is a radius r > 0 such that D,(q) C D¢(p) for every q € D.(p).
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MAT B41: Week 3 Fall 2022

Suppose that f: R® — R*. We say that

limee" (o) =

X—X0

if (for every neighourhood N of bjthere is a neighbourhood U of x)such that:

xell=— flx)eN
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MAT B41: Week 3
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Fall 2022

If we want to avoid talking about balls and neighbourhoods, then we can re-define limits in an ed-style.

O4
xligclo f(X) =b = (V€>0§|5>0 :

Ix — xol| < § = || f(x) — b <)

Prove that lim z+ 2y =4.
(z,y)—(2,1)
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MAT B41: Week 3 Fall 2022
(M&T p. 95)
1. Limits are unique.
<li_)m flxr=b6 & li_>m )= b2> = b = b,
2. Limits are determined by their component functions. Suppose f(x) = (f1(x),..., fr(x)).
ILm E=hehy . ) = (li)m ];-(x) =b; & --& 1Lm Lix)= bk)
i : " e d 7
3. Limits respect addition. «g \V\A e YP\\L <:'—-7 %\" (&& i JV/L fie g K >
Jw (SV - CB’S = Q(v\/\ % G ¢ Q\VV\
X2+ X=2Xo ¥~q Ro
4. Limits respect scaling.
n § > = 2 K \L) v~ X \L) o
J o k\’\ 'KVQ’Q> o 4 JZ\‘W\ /i’bo Sccu\f"/‘/ VLY
X 2%0 NP ot e
5. Limits respect multiplication.
R>TR

 Jiap X0 Y~ %o

R R

% Activity: Think-Pair-Board (3 min)

two minutes, then share your ideas with the class by writing them on the board.

Carefully write out the statements of Properties 3-5 of Limits.
They should be direct generalizations of the limit laws for single variable functions.

Think about these following task alone for one minute, then chat with your neighbour about it for
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Fall 2022
A function ¢ : [a,b] — R™ is a curve or path. If 1111; c(t) = xo then we can compute the limit
. e —
~ o)
lim f(x)
X—X0
5 4

along the path c(t) as: : 0

LR fle " b( o

Note: The value of this limits depends on the choice of path.

If JLIEO f(x) exists then it agrees along all ; hs. Formally, if c(¢) is a path with 1im§_§;§ L Xo then:
i kS do wot
im0 = pim ple) (1) TE Hwo p

e (O B
Note: This theorem is very helpful for showing limits do not exist. I?,'\W‘\\( C>V”S NL\ M'L’\"

Consider the following function. ) C
Ty’ AN j‘
f@,y) = {m (z,y) # (0,0) | Cy
1. Compute lim f(x y) along the path ¢ (t) = (¢, ).
(2,y)—(0,0)

\/
X T L ) dpes o
2. Compute . yl)l—rﬁ f(z,y) along the path cy(t) = (¢°,¢). (}cp” o LY
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MAT B41: Week 3 Fall 2022

We say that f : R® — R* is continuous at x, if and only if:
> Say

_ . \-\W‘\\/ 0 {LV»S Wi\/v\”
lim £(x) = £ P gl vl

X—X0

A function is continuous if it is continuous at every point of its domain.

Consider the following function.

zy?
flz,y) = {x2 Y (z,y) # (0,0)
. (z,y) = (0,0)

Is f(z,y) continuous at (:v, y) = (0,0)? Graph it in CalcPlot3D and investigate.
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MAT B41: Week 3 , Fall 2022

Suppose that f: U C R® — R is a real-valued function. AU -

The partial derivatives of f are the functions: ~ 1\
s e
G s flxey) — filx) :
T h o
] b . ? 4 S;Uwﬂ
This derivative measures the rate of change of f in the direction xj.
There are different notations for this derivative:
0 0
3_xfk(x) or 8—;; : or fa, (x)

Compute the partial derivatives g—i: and g—; of f(z,y) = ||(z,v)|” at (z,y) = (1,2).
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MAT B41: Week 3 Fall 2022

A function f belongs to class C! (or is C?) if all its partial derivatives exist and are continuous.
Inductively, we define the following: A function f belongs to class C* (or is C*) if all its partial
derivatives are C*1. Te heghoev fe yvoalus oF W, e hicev fa Q\)V[C/Hlpl/\-

e “nVe ness “ Lave 1S puwley of dexivedives.
Being C* (especially C?) is a technical criteria that we will often need for important theorems.

f(z) = |z| is continuous but not C.
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MAT B41: Week 3

2 2 5

Compute the partial derivatives of f(z,y) = zyexp(1 — z* — y?) as follows

: | \'1331

e Assume y is constant and compute f;. ‘g (a r) _ Xj e
- (S

e Assume z is constant and compute f.
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MAT B41: Week 3 Fall 2022

(M&T p. 109)

z = f(zo,y0) + {gg(%’yd} (=2 {g—]yc(xo,yo)} (¥ — )

This is also the equation of the tangent plane to f (z,y) at (zo,y0).

% Activity: Think-Pair-Share (3 min)

Think about these questions alone for one minute, then chat with your neighbour about them for
two minutes, then share your ideas with the class.

1. What properties of tangent lines to f : R — R does this generalize?

2. Why is this the correct definition of a tangent plane?

Yolo
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MAT B41: Week 3 Fall 2022

Find the tangent plane to z = 22 + 42 at (z,v, 2) = (1,1, 2).

Solo
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MAT B41: Week 3 Fall 2022

A function f: R™ — R* has n inputs and k outputs.

o om e

Note: Each of its k outputs is a function f; : R* - R. " ho LOWLPONW\A’ FVV\(/HGWS Q_F ‘C ”

If f:R™ — RF is a function f = (f1, f2,. .., fx) then the derivative D f(x,) is the matrix:

UL L |

8271 811:2 8xn

Ofs Ofs dfa

N T RRS TR
Df—lax]}—

| 0z1  Oxy % %

This is the matrix of partial derivatives of f at the xy. Note that this is a | k % n matrix |

Find the derivative of f(z,y) = (zy,z +y)
a4

J v

\!

O S Ty Y A

-
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MAT B41: Week 3 Fall 2022

An important special case of the derivative is the gradient of f : R®™ — R.

=N\ pable” : -
NV \M U Vf=Df= o O of
i Smd 9z, 0z, Oz,

Notice: This outputs a vector for each point in the plane. This is a vector ﬁeldCVF vectors

Calculate the gradient V f for f(x,y) = 2? —y?. Use CalcPlot3D to sketch the gradient vector field.

.Z__ Q
2

(/] ”\7(’:[;&%:‘)9_&—1)3

/C;/; - [axiay) :
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MAT B41: Week 3 Fall 2022
Let D = Df(xo). We say that f is differentiable at z if the folIowing limit exists: |

1 1F60) = F(x0) = D(x = o))

x ik I — %ol

=0

Note: The product D(x — xg) is a matrix D times the column vector x — xg.

Check that the function f(z,y) = (z + 2y, 3z + 4y) is differentiable at (z,y) = (1,0).

Solo
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MAT B41: Week 3 Fall 2022

If f is differentiable at xo and D = Df(xo) then f (x) = f(x0) + D(x — X¢) near xo.

Find the linear approximation of f(z,y) = (ze¥,ye*) at (z,y) = (1,1).

Solo
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