MAT B41: Week 5 Fall 2022

Week 5: Higher Order Derivatives and Taylor’s Theorem

If f:R? — R is differentiable then we can form the following partial derivatives.
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These derivatives are themselves functions R? — R.
Therefore, we have the following second order partial derivatives.

af] _ &4 of] _ & af] _ 8% of] _ &
3m 8z | Ox? 8@/ oz Byam 6(17 8y Bxay 6y By 8y
In general, the kth order partial derivatives involve k differentiations. Fovr
We call these mixed partial derivatives or iterated partial derivatives. ( Se condl \ vOL‘h\/C S
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MAT B41: Week 5

Fall 2022

Recall that f is C! if all its partial derivatives exist and are continuous.

We say that f belongs to class C* (or is C¥) if all its derivatives of order < k exist and are continuous.

If f(z,y) belongs to class C? then the mixed partial derivatives are equal.
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This theorem generalizes to kth order derivatives of C* functions.
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Check the equality of mixed partial derivatives by verifying:
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MAT B41: Week 5 Fall 2022

An alternative notation for partial derivatives is the following.
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Notice that the order of z and y is reversed in the two notations! Luckily, for C? functions, fu, = fya.

Consider the function f(z,y, 2) = z%y + zy® + y22.
Calculate fyy, fyz, and fy,,. Write your final answers on the board.
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Let B C R? denote some physical body in two dimensional space. Suppose that T(z,y,t) is the
temperature at time ¢ of the point (z,y) € B. The temperature must satisfy the heat equation:
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In this equation £ is a constant which describes the heat conductivity of the body B.

Check that T'(z,y,t) =

e~* (cos(z) + cos(y)) satisfies the heat equation.
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MAT B41: Week 5 Fall 2022

Consider a string stretched along the z-axis. Its height at position z and time ¢ is given by u(z,t).
If it is disturbed then it will vibrate according to the the wave equation:
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The constant c is the rate at which vibrations travel along the string. We will usually pick ¢ = 1.

Check that u(x,t) = sin(z) sin(ct) is a solution of the wave equation.
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MAT B41: Week 5 Fall 2022

Juan Carlos Ponce Campuzano (University of Queensland, Australia) has a wonderful simulator.

https://www.geogebra.org/m/eKkFV8uz

Play around with it! Check out various waves.
The solution u(z,t) = sin(z) sin(ct) (with ¢ = 1) corresponds to the following settings.

A3

=2

-3

u(x,0)=[0 ] L=(6.28 -
]

ut(x,0)=[sin(x)

In the settings: L = Length = 6.28 = 27 and a =c = 1.
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The single variable Taylor’s Theorem (roughly) says:
f'(a) f"(a)
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The important message of Taylor’s Theorem is this: e
Knowing the derivatives of a function at any point a allows you to approximate the function.

Approximate f(z) = e® at a = 0 using Taylor’s Theorem in One-Dimension.
How close is the approximation at z = 1 after taking(ten terms of the sum?7
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MAT B41: Week 5 Fall 2022

Our textbook gives the following equivalent formulation of Taylor’s Theorem:

" (k )
f@o+h) = f(@o) + f'(o)h + . éxO)hQ +1 k( oyt + Ry (z0, )
. . . Rk(mm h)
The remainder term Ry (zo, h) satsifies ’111_I)I(1) TR 0.

Intuitively, this means “Rjy(zo, h) goes to zero faster than h*.”
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Approximate f(z) = e* at o = 0 and check that lim =0 for all k.
h—0 hk
Big Idea: Factor out h**! and bound the left-over terms by e”.
» e
\/\l o 0 N e o ’ Y . R (7( h)
e - A\ Aol
{o*n) = elveh T ¢

h \
¢ = 1+ [/1+-’h+»-~'rﬂ\—5\/\t+ RK(V\olt’\)
X N\ Ve Tou «I\’,‘ v "'3’-"\‘,\(”\‘ mS1en ‘( 1 \\ %\\\ ¥ ( X e n \

\We howe R (Xo)‘/\> \)l le+\ . (:J{Z)’\qlurl

. “m (W““"”ﬁ bevwas of tle (finike Sum
- \n\d\ ___‘.,~ l/} + \47’

o

R avnd 2ach iwa * — A
s . | (s ()l ()
i~ Y et T i
b e (0({Syend Mg L ¢ et
Vi et RATEROEIG= = < i+h+w‘ w0
VI \ A L. =4

0
- hteh
‘o : h Ll PP |
T gives Liwn ulOM) £ i W el g b s o
>0 nic W=>0 ¥ h=>0

© Parker Glynn-Adey 2022 p. 60 Version: 1.0



MAT B41: Week 5 Fall 2022

Let D=D fm. We say that f is differentiable at zq if the following limit exists:
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* Note: The product D(x — Xp) is a matrix D times the column vector x — x,.

Verify that f(z,y) = z* + y? is differentiable at (0, 0). «F LR “1’1’
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Let f: U Cc R™ — R be differentiable at xo. We have the following approximation:
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MAT B41: Week 5 Fall 2022

Suppose that M = [m;;] is an n x n matrix. The quadratic form of M is:

Qu(h) = h" Mh
In coordinatates:
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Suppose that f: U C R® — R is C2. The Hessian of f at x, is the quadratic function:
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Notice: The Hessian is analogous to the second-derivative of f. QS Yt 15 lbjw\ netne

Compute H f(xo)(h) for f(z,y) = z* — y2
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If f:UCR"— Ris C? then we have::

n

f(o+h) = flxo) HD  him—

i=1

R2 (Xo, h)

Here, the term Ry(xo, h) goes to zero faster than ||A||°. Formally, ||’lli”rno 1l =0
__>
We define the second-order Taylor approximation of f at xo to be:

f(x0+h) = f(x0) + [Df (x0)]n + Hf (h)
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Compute the second-order Taylor polynomial of f(z,y) = 2242z -+ 3y>-f@éy(—l—w 53/?_ \at (z,y) = (0,0).
Notice: The final answer ought to be f(z,y) again because f(z,y) is a polynomial of degree two.
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