MAT B41: Week 6 ’ Fall 2022

Week 6: Extrema

_\

~Let f: U C R" — R be a function. A point xq is called a local minimum if:

there is a neighbourhood xy € V' C U such that: MIN M 'L\
x €V = f(xo) S f(x) “f(xo) is smaller than all values f(x) near x;”
p \ —

A point xq is called a global minimum if: g “a‘ogo(\.ﬂ:e '_‘\ fope o] o

g U= fxo)= fix) “f(xo) is smaller than ALL values f(x)”

Write out the corresponding definitions for local maximum and global maximum.
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Find the global maximum of f(z,y) = -3z — 22 —y2. £ — CC’W\”V\’”H i 5 f'l oWt .
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\

A point is a local or relative extrema if it is ei -minimum or maximu
A point xq is a critical point if EITHER:_f is not different%t %o OR[Df(x0) = 0.,

A critical point that is NOT an extrema is a saddle point.

Confusingly, a saddle point does not need to look like a saddle.
We use this definition because it appears in M&T.
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T
Determine the critical points of f(z,y) = zy exp(—(x2 +1?)/2). = 9(\\ (x *d Y2
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MAT B41: Week 6 Fall 2022

Suppose U C R™ is an open set and f: U C R® — R is differentiable. F*’/ Gtk I
v

If xo € U is a local extrema, then D f(xq) = 0.
ML ey e

Alternatively, “local extrema and differentiable = critical point”.

The Big Idea: Reduce to the single-variable case. If f has a local minimum at x, then the single variable
function g¢(t) = f(xo + th) has a local minimum at ¢ = 0 for all vectors h. Thus, all the directional
derivatives are zero at Xj.
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MAT B41: Week 6 Fall 2022

Find. fﬁe Crltlcal point of f(x,y) = z%y + xy? and check whether it is a maxima, minima, or neither.

Hint: f(t,t) = Zt&-—\,\ew A ‘10(& el V\O T W\57 \\Xy"‘ i
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Suppose that f: U CR" — R is C?. The Hessian of f at X, is the quadratic function:

Fall 2022
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Notice: The Hessian is analogous to the second-derivative of f.

According to our formula for the Second-Order Taylor Series of f(xg + h) we have:

Fxo+h) = f(xo) + [Df (xo)lb+ Hf(x0)(h) 4

-
constant first deriv second deriv

At a critical point, D f(x0) = 0 thus, we get:

f(xo +h) & f(x0) + [Dfxg)h + H f(x0)(

Notice that H f(x¢)(h) is now the first non-constant term.

The function f(z,y) = z? + 2z + 2y + y* has a critical point at (—1,—1).
Write the Second-Order Taylor expansion of f(z,y) at xo = (—1, —1).
Use the Taylor expansion to determine whether x, a max or @
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Suppose that n x n matrix M has quadratic function:

Qu(h) = h'Mh gealon

4
We say that M is positive definite if: Qp(h) > 0 for all h # 0 and Qp(h) = 0 is equivalent to

h = 0. There is a corresponding notion of negative definite matrices where @y;(h) < 0 for all h # 0

and @ps(h) = 0 is equivalent to h = 0.
Scaley

Find some examples of postive definite and negative definite 2 x 2 matrices.
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Give an n x n matrix A = [a;;] consider the submatrices Ay, where 7,5 < k. [ A L] \
A is positive definite if all the determinants det(A;) are positive. kxk
A is negative definite if the determinants det(Ay) alternate sign with: A

\V : 4
6;‘;6{2*‘\/\2‘6 + det(A;) <0 det(As) >0 det(As) <0 det(Ay) >0 etc. NnXn

o i, . ST e BN R
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Suppose that f: U C R® — R is of class C? and xq € U is a critical point.

7

o Hf(xo) is positive definite => x is a relative minimum. Nt M

\ \
e Hf(xo) is negative definite => xq is a relative maximum. = N¢ con Lwsipin .

Consider the function f(z,y) = zyexp(—(z>+y?)/2). It has critical points x = (0, 0) dm@,/[’)
1. Classify the critical points of f(z,y). (i g \>

2. Use software to sketch a contour plot of f(z,y) and highlight the critical points.
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. . . . . r . . . . . . "“"\
Minimizing the square distance is equivalent to minimizing distance. Ex o ‘a 7 v
For non-negative d; and dy: .

S T "4k 1oy @

Notice: The distance function d is not differentiable at the origin, but d? is dlfferentlable'

Find the point on the plang z +y + z = 1)closest to the origin (0,0,0).
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A set U C R" is bounded if there is some large constant M such that: x € U => ||x|| < M.
Recall, the disk D (p) around p of radius € > 0 is the set of points at distance at most € from

A sek 15 boundee f
: E,le)
A boundary point of U C R is p such that D(p) intersects U and R™ \ U for all € > 0.

A set C C R" is closed if it contains all its boundary points.

Some examples of closed and bounded sets:

D(p)={x€R": [|x - p|| < ¢}

e The square [-1,1]*
_e The circle $' = {(z,y) : 22 + 3> = 1}

04X
And a non-example: {(a:, g8y <E}
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Suppose that C C R" is closed and bounded. If f : C C R® — R is contimuous then there are points

Xo and x; in C where f attains its global maximum and minimum values.

Goal: To find all local/global extrema of f on U with boundary 0U = * ’b 0\)“0)0\/./\) 4 iR !
1. Locate all the critical points of f in U.
2. Find all the critical points of the function f on OU..

3. Compute f at all the critical points found above.

4. Compare the values of f and select the largest / smallest values.
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Find the maximum of f(z,y) = zy on the triangle with vertices (0, 0), (1,0), and (0, 1).
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