. MAT B41: Week 7 : | Fall 2022
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Week 7: Constrained Optimization - 3(%(‘0 < 24 Z\at Lo

Suppose f : U C R™ — R is a function and a set S C R”. The restriction of f to S is f|S: S — R.

Y

Suppose that f and ¢ are functions from R” to R. S g=C 5 o \level Sk Lo
If we want to find the local extrema of f subject to g = ¢ then we say: 4 \ Le MY Wr ot
[ 1s the objective function and g is the constraint. %

he constommX -

Give some examples of real situations where you would want to maximixe f subject to g = c.
For each example, you need both an objective and a constraint.
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. MAT B41: Week 7 ' | Fall 2022

Suppose that f and g are C! functions from U C R”™ to R. Let xp € U be a pojnt satisfying
g(x0) = c and Vg(x¢) # 0. Furthermore, let S be the level set L, = {x: g(x) =c}=S

If f|S has a local extrema at xq then: Vf(x9) = A\Vg(xo) < Srach vty ave {)cwau\

The Big Idea: At a local extrema, the objective must be tangent to the constraint. Informally, if there

was not tangency, you could increase or decrease value of ¢ while still meeting the constraint. Formally, \

suppose that c(t¢) is a curve in S passing through xg at ¢ = 0. We have g(c(t)) = c. It follows that: \
.

l9(c(2))] = Vg(xo) - €/(0)

On the other hand, at an extrema, we have 0 = 4 [f(c(¢))] from single-variable calculus.
Thus, Vf is perpendicular to all curves through x. It follows that Vg(x) and V f(x() must be parallel.
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. MAT B41: Week 7 : | Fall 2022

Find the maximum of f(z,y) = z + y subject to g(z,y) = 2% + y*> — 1 = 0 by drawing the level sets
of f(x,y) and finding the largest ¢ such that L. is tangent to g(z,y) = 0.
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. MAT B41: Week 7 Fall 2022

Given an objective f and a constraint g = ¢, we define the following Lagrange auxilliary function:

‘C(xlax%-'--:xn,)‘) == f(xlax%"‘ﬂxn) —A(g(xl""’xn)‘_c)

The condition VL = 0 is equivalent to:
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Warning: This condition says where an extrema might exist, but doesn’t guarantee existence.
Moreover, this system of equations is generally non-linear. Expect magic!

= 0

Setup the Lagrange auxilliary function for the following problem:
Find the extreme values of f(z,y,2) = z + z on the sphere 22 4+ 3% + 2% = 1.
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MAT B41: Week 7 Fall 2022

Find the extreme values of f(z,y,2) = x + z on the sphere z2 + y2 e D
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Fmd the extreme values of f(z,y) = 2 + 2y + y* on the disk D = {(x y) x4+ y? <1}
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MAT B41: Week 7 _ Fall 2022

Find the maximum value of f(z,y) = e®™ subject to the constraint 3 + y* = 16.
Show that it has no minimum value. -
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MAT B41: Week 7 Fall 2022

Does the function f(z,y) = zy exp(—z* — y?) have a minimum or maximum subject to 2z — y — 7
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MAT B41: Week 7 Fall 2022

Given multiple constraints g; = c1, 92 = ¢, ..., gx = ¢k such that {Vg;(x), ... Vg (x0)} are linearly

independent. Let S be the set where all the constraints are satisfied and xq € S. The method of

Lagrange multipliers generalizes to multiple constraints as follows. : :
grang p g p o ] el

If f|S has a local extrema at xo then there are constants such that: - / Low O -

V£(x0) = MVg1(x0) + XaVga(x0) + - - + A\ Vgr(x0)

Use the method of Lagrange multipliers to find the extreme values of f(z,y,2) = = +2y + 3z on the

intersection of the cylinder z2 + y? = 1 and the plane z —y + z = 1.
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We get (z,y,2) = (\73 \j/:i 1i\/7_>
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