MAT B41: Week 7

Fall 2022

Lagrange multipliers generalizes to multiple constraints as follows.
If f|S has a local extrema at xp then there are constants such that:
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Given multiple constraints g; = ¢1, 92 = ¢, ..., gr = ¢ such that {Vag1(x0), ... Vgr(x

0)} are linearly

independent. Let S be the set where all the constraints are satisfied and Xg € S. The method of
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Use the method of Lagrange multlphers to find the extreme values of f(z,y, 2
intersection of the cylinder 2? + y? = 1 and the plane z — y + z = 1.
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MAT B41: Week 7 - Fall 2022

- Use the method of Lagrange multipliers to find the extreme values of f(z,v, z) = z on the intersection
of the cone z? + y? = 22 and the plane z + y + z = 24.
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MAT B41: Week 8 " , Fall 2022

Week 8: Double Integrals &—

pose that R is a reglon in ]R3 contamed between z=a and z =b.
= Area(R N {z =t} the' area of the shce of R at helght t

\\ \
Vol(R / Alt)de \)omw \g “"““3“‘

Find the volume of the right circular cone with base radius r and height h.
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MAT B41: Week 8

Fall 2022-

and below f is grven by the double integral.

//f(wy ) dA = //fwy)d:cdy

’The term dA is the area element of Cartes1an coordmates. ,
We will say more about such terms in Weeks 11 & 12 (in polar coordmates)
and MAT B42 (as dlfferentlal forms) ' »

Let RC R? be a region and i R — R be a non-negative functlon The volume above a region R
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MAT B41: Week 8 Fall 2022

The regular partition of [a, b] in to N parts is the set of points {xz}fio where - *
. » ' ’ 1

a=To<Ti<---<zN=0b
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A set of points {z;}), where z € [z, z;14] is called a set of sample points.

Given a function f : [a,b] — R we define its Riemann integral with sample points {z]}i, to be:
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- It is an important theorem that for many functions this integral is independent of the choice of z}.

It is always subtle to the sample points ¥ correctly. Suppose that {z;}, is the regular partition of
[a,b]. Give a formula (in terms of a,b,4, N) for z; when using the following sample points.
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X1 1| N
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MAT B41: Week 8 Fall 2022

1 3
Evaluate / z dz using the Riemann sum definition of the definite integral with left-hand endpoints.
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MAT B41: Week 8 . . Fall 2022

The one-dimensional Riemann sum is defined on [a, b]. We want to define a two-dimensional Riemann
sum on [a,b] X [c,d]. reaqulon powt Hon '
* ke 5 L‘L\M’W'VS .

Sompla potnts Cyj

e What parts of the definition need to generalize?

~ o What are the two-dimensional analogues of those parts?

- We say fha‘g [ is integrable if the limit above exists and is independent of the cho
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MAT B41: Week 8 5 . Fall 2022

Integrate / / 2z + 3y dzdy where R = [0,1] x [0,1] using a two-dimensional Riemann sum with ‘ ‘

R
lower-left-corner sample points.
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MAT B41: Week 8 Fall 2022

Suppose that you know the following data about a function.

fz,y) |f=0]|z=1]|z=2
y=0] 1 2 3
ty=1]} =2} 4 5
=IN35 T 6
2 L

The columns correspond to values of z and the rows correspond to values of y. The table shows the
value of f(z,y) at the point (z,y). For example, f(0,2) = —3 and f(1,1) = 4. Use this data to

estimate the following integral.
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MAT B41: Week 8 ' . Fall 2022 -

We say that a function f(z,y) is bounded if there is a constant M > 0 such that —M < f(z,y) < M
for all points in the domain of f. - @ \ g(\“ﬂ)\ 5 M

Suppose that R is a rectangle, f(z,y) is integrable and bounded by |f(z,y)| < M on R.

—M Area(R) < /ﬁ(m, y)‘dA < M Area(R)
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MAT B41: Week 8 . Fall 2022

| ~

Suppose that f and g are integrable functions on R.

Lyneo

//afxy+ngy = a//fxy dA+b// (z,y) dA @(\OXL\/Q\’Q

Monotonicity If f(z,y) > g(z,v) then:

Linearity
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Additivity Suppose that R is the disjoint union of finitely many rectangles R = Ui=1 vra

//f(x; e §=j [[ 1@ as

Pick one of the properties above and convince your neighbour that it is true.
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MAT B41: Week 8 | o Fall 2022

~

Suppose that R = [a,b] X [c, d] is a rectangle and f is integrable on R.

We apply Cavalier’s principle, and get the following two results: Y
If we cut the volume perpendicular to the z-axis then J A (*)
b pd \
//f(x,y) dA:/ [/ f(w,y)dy] da. |
R a (6] X
If we cut the volume perpendicular to the y-axis then o
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MAT B41: Week 9

Let f be an integrable function with rectangular domain R = [a, b] X [c, d].

; /tlb/(:df(:vjy) dydxz/cd/abf(x,y) dxdy=4/f($,y) A

E

This theorem holds for general domains R we will often apply it to non-rectangles. @ l
|

|

Fall 2022

Notice: This is the integration version (“dzdy = dydz”) of the equality of mixed partials.

Verify the conclusion of Fubini’s theorem by calculating both orders of integration dxdy and dydzx of

ﬁezd/l

R

on the rectangle R = [0,1] X [2, 3].
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