MAT A29: Week 11 Winter 2025

Week 11: Partial Fractions

Remark: Division of Polynomials

This week, we’re going to explore a technique called “Partial Fractions”. This is not so much a technique
of integration, but a means of simplifying integrands so that they become simpler. It builds on the notion
of long division. We first generalize the notion of division with remainder of integers to polynomials.

For any rational number, we can write:

where 0 < 7 < q.

Find the remainder when 1221 is divided by four. Write your answer in the format:

—

1221_n+r
4 4

where 0 <7r < 4.
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|7 59
- % Activity: Which Method? (3 min)

Consider the following indefinite integrals. Which method would you try first?
(You don’t need to evaluate the indefinite integral. Just pick a tool and say how you’d apply it.)

A\
1'/$+2xdmx_—~cﬁ [ LA #} o
2. /Il,‘e_mz i {__ %\}\“C‘J ‘\ ’ﬁO\f‘ M- - ¥ O { OV | ”A
W= X mo) Ju= 7oK -

T i vk A\

' ¥
_ged \11:’--< ;}/ (}

3-/x+cos2mdx<~(}((’fL‘*S\A\oSM\ wh PV‘
{D/x cos(x)dmé—ué)gfl;\g : ,gl:_ COS Xw .,\J i\:
@/6mcos(x) da €= (O r(YS 'F, - e,x ,g;(j ’“C z

Currently our methods are: direct, substitution, or parts.

W e o alnale @ (C g’-‘ oS X = ,( < Sin xp\
| = x> =q' - LA ‘x‘j
% \Ql Lo () <>>< o QOA g G(\ X % )

= X $|V\b<\ SW\ 7\5(2*36X N e Vo P

= 51\/\(7( - 1 )\L S\V\U\ @X ,@ 6w X3 >& usx\

7&, i\wwﬂs ' 65 e /

N aialy) - v H M/)
7( 5W\(?<\ &I Y cos( x) ~§ | =09 X) 3*;)

9 _ l\(pcs(
}( i (X) + AR COS(&} — Q\SCOW dX Do\v\c\«xm&wﬂ\

@ Parker Glynn-Adey (Winter 2025) p. 120

= X et () « Lress) - Aoy +

Version: 1.0



\We N OO @ Sy\L + (o%(’bﬁ\ax

g"fl* C@SCZ\(\Ch( > S ’

. \We on o\ W a M Q//> gXQ-XL)X i C;j\: ——*;i .
W = AR

/i
w2 8 () et X -
&%6 ZQ(Z%)QTSK o ,)(Lgev\aw

—
dw
R BT &
AAMNE e = L
<) WD@ 00 \S@\/\ nouwo L W I (c«({S
Yo Q'mc)ogg?
Vuuckice. a3 rpen
Tath  ac U\L(?w\émd\-
h O'ﬁJ‘U\f)

(59 \60\/\ 0](,\(/ )(\Asz “Vuwwra
aQC‘(ﬁQS o\ (N ease  of Ldou\
okt - dor iva v 2¢ fad YO Jout eve |



MAT A29: Week 11 Winter 2025

Find the remainder when 123 is divided by 11. Write your answer in the format:
1 _
L
where 0 < r < 11.
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Remark: The Big Leap to Polynomials

We now make the big leap to polynomial long division. The idea here is that we treat each degree as a
“digit”. We then proceed to handle the division “digit” by “digit”.

Divide the polynomial z? 4+ 2z 4+ 1 by x 4 1 and express youfanswer in the format:
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where 0 < deg(r) < deg(z +1).
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Divide the polynomial z3 — 1 by = + 3 and express you answer in the format:

z3 -1 r(z)
z+3 = (@) z+8

where 0 < deg(r) < deg(z + 3).
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For any rational function, we can write:

f@) _ oy, @)
q() = )+Q(w)

where deg(r) < deg(g). (This lets us simplify the integrand by reducing the degree.)

Note: We've already calculated this polynomial long division.
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Remark: Partial Fractions

We now get to the mechanics of actual partial fractions decomposition. If a rational function p(z)/q(z) has
deg(p) < deg(g) then we might be able to re-write it in a simpler format. We give a few examples before
beginning the general theory. We also illustrate two distinct methods of finding the unknown coefficients.
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1 A B

Write the rational function in the given format: P T 4 43

Method #1: Find the values A and B by setting up a linear system with two equations and two unknowns.
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Write the rational function in the given format: L = A + - ;
22-3z+2 -1 z-2
Method #2: Find the values of A and B by subbing in specific values of z.
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12 2%

% Activity: Try it! (5 min) |

2z —1 A B
Write the rational function in the given format: o g) @+5) = + ey

How should we adapt Method #1 and #2 when there is a non-constant numerator?
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Produce a partial fractions decomposition of

6+ 4z
6+ 1l + 622 + 23

given the factorization 6 + 11z + 622 + z° = (z + 1)(z + 2)(z + 3).
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% Activity: What Goes Wrong? (2 inin)

4 A B
Try to write the rational function in the given format: <l ;s
fe+1) 41 «+1

MAT A29: Week 11

What goes wrong? What is weird here?
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z+4 A B

Write the rational function in the given format: CEm i) + GIiE
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% Activity: Try it!

(5 min)
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Write the rational function in the given format: EEDP = + =R
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