MAT A29: Week 12 Winter 2025

Week 12: Area and Volume

Remark: Riemann Sums and Area
11 that developed the th f Ri t : Wl
Recall that we developed the theory of Riemann sums to measure area [_ \,\)L\U, &Ak.‘
N O

“The signed area bounded by y = f(z) on [a,b]” = J\}I_IEIOOZ f (:BZ)A%’
k=0 A )
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This week, we’ll look at applying this concept to measure area and volumes.

Sketch the regions bounded by@:ﬁ%@aﬂd{ y=0.)
Use a definite integral to measure this “area”. y is the answer surprising?
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If g(x) < f(x) on the interval [a,b] then the area bounded by = = a, = b, y = f(z) and y = g(z) is:
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Use highschool geometry to measure the true area of the region in the previous example.

Setup and evaluate an integral to measure its area.
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Find the area bouned by y = ze’8y = &%, r=0,and z = 1.
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Remark: Curves Which Cross
Tt is inconvenient that we need g(z) < f(z) over the whole interval [a, b] because curves tend

other. We can get rid of this restriction by considering:

A= [ e - swfes

to cross each

Find the unsigned area bounded by y =z and y = z3.

4
- . 1” I . % =
(F\ O fo i Qv\ A O E'g: &V, é‘-[":;. "- {;' :{wi g ‘ ‘t‘;' c l \?
¢ #
;. { % ¥ '((\ ‘ 4 ;
Sowe \ao Qe (10 6£fkiﬁ Ef -

e ynaaké I3 chg “'ITyﬁxk A\ﬁﬁ
T
B/ ‘%.‘“X. <o

(x-x 7oy

. A <0 J
IERCIN o *
% <0 ﬁ e A Ctl ‘ ‘: 70 o ,) "“f e 71 7 m "*' A 7 P

}W»O C"V*C)\ Y\ < D[ff’ ére

ae o 70#/ L

s N “s‘ :‘ ‘.l

oS W

Version: 1.0

© Parker Glynn-Adey (Winter 2025)



MAT A29: Week 12 Winter 2025

%overOSmSw.

Find the unsigned area bounded by y = cos(z) and y =
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‘-an ind the area of this region.
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|H 26

(5 min) |

[ £ Activity: Try it!

Use Desmos to sketch the region bounded by: W, y=1—|z|,y =2

L Setup and evaluate an integral to compute this area.
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Remark: Area with Respect to y.

An notable property of area is that is doesn’t “care about” how the region is bounded. It doesn’t “care
about” y = f(z) versus & = g(y). The region is bounded and has an area independent of the functions.

Find the area bounded b@n@
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rﬁ Activity: Lukas’ Problem (5 min) ]

l Find the line y = c that cuts the region bounded by y = z% and y = 1 in half.

MAT A29: Week 12
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Remark: Area and Volume
We’'ve seen that we can get area as an integral.

b
“Area” = / “Length” dx
~ [+

If we go one dimension higher, we can get:

b
“Volume” = / “Area” dz

a

This is sometimes called Cavalieri’s Principle after Galileo’s student Bonaventura Cavalieri (1598-1647 ).

o Examine the solid and determine the shape of a cross-section of the solid.
It is often helpful to draw a picture if one is not provided.

e Determine a formula for the area of the cross-section.

e Integrate the area formula over the appropriate interval to get the volume.

A(X) = Avea()
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w= K \
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Three-dimensional cylinder Two-dimensional cross section

")
\jO\\K\/WQ“ ~ Ak\&\ O7<

o~

OpenStax §6.2 Determining Volume by Slicing
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Find the volume of a sphere of radius R > 0 by slicing it parallel to the zy-plane and integrating Area(z).
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| Find the volume of a pyramid of height six units and square base of sidelength two units. l
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We obtain a solid of revolution by revolving a curve y = f(z) over [a,b] around the z-axis.

The volume of such a solid is a volume of revolution. (See the Desmos example below.)

Find the volume of the sphere of radius R > 0 as a volume of revolution.
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then the volume of revolution generated by y = f(z) over [a,] is:

If f(x) is non-negative on [a,b

Vs / R / " el (@)

OpenStax §6.2 Determining Volume by Slicing
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Find the volume of revolution of y = (z — 1)2 + 1 on the interval [—1,3].
(This is the example illustrated by the previous graphic.)
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by them over [a,b] is:

If g(z) < f(x) are both non-negative on [a,b] then the volume of revolution generated the region bounded

b b
V= /a Area(z) dz = /a m ([f(2)) ~ [9(7’)]2) dz

OpenStax §6.2 Determining Volume by Slicing
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Find the volume of revolution of y = /z and y = 1 on the interval [1,4].
(This is the example illustrated by the previous graphic.)

Vol = QL\ pvealx) o = Sq wr( [fe)t- [90° ) o

{ i

! T (RT- D )X
N T )

(© Parker Glynn-Adey (Winter 2025) p. 151 Version: 1.0



